NEW SURFACES WITH GENUS ONE IN H 2 x R 



JULIA PLEHNERT 



Abstract. We construct new constant mean curvature surfaces in H 2 x R. They 
arise as sister surfaces of Plateau solutions. It is a family of MC 1/2 surfaces with k 
ends, genus 1 and fc-fold dihedral symmetry, k > 3. The surfaces are Alexandrov- 
embedded. 



1. Introduction 

For minimal surfaces there exist different approaches to define them, for exam- 
ple as solution of Plateau's problem. In 1970 Lawson proved a correspondence 
between isometric surfaces in spaceforms: For example, each H-surface (mean 
curvature H = 1) in R 3 corresponds isometrically to a minimal surface in S 3 such 
that their Gaufi maps coincide and their tangent vectors are rotated by n/2 (with 
respect to a proper interpretation of the tangent spaces). Two such surfaces are 
called conjugate cousins ( ILaw70l , IGro93l , BKar89l ). Daniel proved an equivalent 
correspondence between surfaces in homogeneous 3-manifolds in IDan07l . A spe- 
cial case of his theorem yields the so-called sister surfaces: Each simply connected 
surface with constant mean curvature H in T?{k) X R corresponds to an isometric 
minimal surface in the homogeneous 3-manifold E(k + 4H 2 ,H). Hence, instead of 
proving the existence of a CMC surface in a product space directly, one solves a 
Plateau problem in a non-trivial Riemannian fibration with base curvature k + 4H 2 
and considers its sister. 

In the case of periodic CMC surfaces in product spaces the conjugate surface 
construction maybe outlined as follows: Consider a geodesic polygon the auxiliary 
3-manifold £(?< + 4H 2 ,H), which consists of vertical and horizontal edges. Solve 
the Plateau problem for the given curve. In the case of unbounded fundamental 
domains we have to take a limit of the sequence of minimal surfaces. Afterwards 
solve the period problem(s), i.e. choose the parameters of the geodesic polygon 
such that the resulting CMC sister surface has the desired properties. With those 
parameters we constructed a minimal disk whose sister surface is a fundamental 
domain of the CMC surface. We use Schwarz reflection to establish a complete 
smooth surface in a product space. In the last step we prove geometric properties 
of the surface, such as (Alexandrov-)embeddedness, the behaviour of the ends, the 
genus, etc. 

One challenge in the construction in homogeneous manifolds is, that the normals 
coincide up to their vertical projection in the sense of a Riemannian fibration 
only. But there are more problems that occur in the construction. In order to 
prove the existence of periodic surfaces via conjugate construction, the Jordan 
curve that bounds the Plateau solution of disk-type has to consists of geodesies. 



Date: December 13, 2012. 

2010 Mathematics Subject Classification. Primary 53A10. 

1 



2 



PLEHNERT 



The Daniel correspondence implies that a geodesic in the boundary of a minimal 
surface corresponds to a curvature line in the boundary of the isometric CMC 
surface, therefore Schwarz reflection applies and continues the surface smoothly, 
see (GK10| and | M i l 1 1. In the case of conjugate minimal surfaces in R 3 the total 
curvature of the curvature line in one surface is equal to the total turn of the normal 
along the corresponding geodesic in the conjugate surface. But in the case of CMC 
surfaces the total curvature depends also on the length of the curve. In order to 
solve period problems in horizontal planes, one has to control the total turn of 
the normal along horizontal curvature lines. For a CMC surface with H = 1/2 in 
H 2 X R this is possible by a horocycle foliation of H 2 . 

In this paper we prove the existence of new MC 1/2 surfaces in H 2 X R, which are 
fc-noids with handle. This work is based on the PhD thesis of the author, |Plel2| . 
It is organised as follows, we start with an introduction to Riemannian fibration 
with geodesic fibres and prove a formula for the vertical distance of a horizontal 
lift of a closed curve. 

In Section [3] we cite some properties of Plateau solutions in 3-manif olds and 
prove, among others, a maximum principle for CMC graphs. In the subsequent 
section we state some facts about certain sister surfaces and have a closer look on 
related boundary curves, the sister curves. Section [5] outlines some properties of 
known minimal and CMC surfaces in N1I3 and H 2 X R, which we use as barriers 
in our construction. 

In the last section we prove the existence of an MC 1/2 surface in H 2 x ]R 
with k ends, genus 1 and fc-fold dihedral symmetry, k > 3, which is Alexandrov 
embedded. We have to solve two period problems in the construction. 

Within the last years the theory of minimal in constant mean curvature surfaces 
in homogeneous 3-manif olds has been evolved actively by many mathematicians. 
Abresch and Rosenberg introduced a generalized quadratic differential for im- 
mersed surfaces in product spaces and show its holomorphicity. Furthermore they 
classify those surfaces with vanishing differential ([AR05J). Fernandez and Mira 
constructed a hyperbolic Gaufi map to study mean curvature one half surfaces in 
H 2 X R, [FM07J. Recently Cartier and Hauswirth published a work, where they 
study constant mean curvature 1/2 surfaces in HT 2 X R with vertical ends ( BCH12I '). 

2. Riemannian fibrations with geodesic fibres 

Let us consider a fibration n : E — » E of a 3-dimensional complete Riemannian 
manifold (E, (■,■)) over an oriented surface E and a vector field £ tangent to the 
fibre. We decompose the tangent space T p E of the total space E into its horizontal 
and vertical parts. The horizontal space (T p E) h is defined by 

(T p E)" :={z>eT p E: (v, £(p)> = 0}, 

the vertical space is given by (T p E) v := ker(d n v ). 

We require the fibration to fulfil three properties: It has to be a Riemannian 
fibration with geodesic fibres over a 2-dimensional space form. 

First of all, we consider a Riemannian fibration, i.e. d n p : (T p E) 1 ' — > T n ( P ) E is an 
isometry. This means that the horizontal spaces as well as the tangent space of the 
base manifold look the same along one fibre. Furthermore, this implies that the 
horizontal lifts of geodesies in E are geodesies in E. For an arbitrary curve y in E 
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there is always a unique horizontal lift y if we fix f(0) = p e E, i.e. f'(t) e (Tf(t) E)' ! , 
for all t. 

Secondly, we require the fibres to be geodesies. By computing the Lie derivative, 
this leads to the following proposition. 

Proposition 2.1 dlGKlOh . For a Riemannian fibration n: E — > E with geodesic fibres, 
there exists an unit vector field E, tangent to the fibres, which is a Killing field. 

We call the vector field E, the vertical vector field. The translations along the fibres 
are isometries, hence the Killing field E, generates a subgroup G of Iso(E). The 
integral curves of E, define a principal bundle with connection 1-f orm co(X) = (X,E,). 
The curvature form is Q := D co = dco + \ [co, a>] = d co. The following equation 
holds for two arbitrary vector fields X, Y 

Q(X, Y) = d co(X, Y) = Xco(Y) - Yco{X) -co([X, Y]) 

= (VxY, + (X Vx£> - <V Y X, 5) - (X, VyO - «V X X E.) - (VyX, 5)) 
= <V x £,Y>-<Vy,S,X> 

= 2(Vx5,Y>, 

where (*) follows from the fact that E, is a Killing field. Moreover, the fact that E, 
is Killing implies £Q(X, Y) = 0, i.e. Q is constant along the fibers. Moreover, we 
claim: For X' 1 = X- X v we have Q(X'<, Y ,! ) = Q(X, Y). Therefore Q induces a 2-form 
O = (7i _1 )*0 on the base manifold E. To see the claim we compute 

Q(X\Y ft ) = 2(V x „E„Y h ) 

= 2«Vx4, Y> -(Vx«, r> -<V X »£, Y> + <V X ^, Y )) 

=<Vyf4,X> 

= 2(Vx5,Y>, 

because Vy^ = for any vertical vector field U. 

Since E is oriented, there exists a Tz/2-rotation / on T y E, it induces a 7i/2-rotation 
R on (T p E) ,! . 

Definition 2.2. Let tc : E — > E be a Riemannian fibration with geodesic fibres. Its 
bundle curvature t is a map t : E — > 1R given by 

x(y) :=-1q(X,RX)= i<[X,RXU>, 
hence [X,RX] 1 ' = 2t(i/)^, where X is an arbitrary horizontal unit vector field along 

We see that Q measures the non-integrability of the horizontal distribution. 
Since Q is constant along the fibres, the map x is well-defined. The induced 2-form 
Q factorizes the natural volume form volz of E 

1 

--Q = xvolz, 

since we have volj;(x, Jx) - 1 and Q(x, Jx) - Q(x, Rx) for any unit vector x. 

The third requirement concerns the base manifold only. If we consider a two- 
dimensional space form E(k) as base, the Riemannian fibrations are classified as 
follows: 
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Theorem 2.3 ( IGK10I0 . Suppose a Riemannian fibration n: E — > E(k) has geodesic 
fibres, where E is a complete oriented simply connected Riemannian 3-manifold. Then 
E is a homogeneous manifold with a ^-dimensional isometry group and constant bundle 
curvature z. 

We write E(k, t) for those spaces. The isometry group of E(k, t) depends on the 
signs of k and t, and is equivalent to the isometry group of one of the following 
Riemannian manifolds: 



curv. 


K < 


K = 


K > 


T — 


tfxR 




S 2 xR 


T + 


SL 2 (R) 


Na 3 (K) 


(Berger-)S 3 



Another interpretation of the bundle curvature is the vertical distance of a hori- 
zontal lift of a closed curve: 

Lemma 2.4 (Vertical distances). Let y be a closed Jordan curve in the base manifold E(k) 
of a Riemannian fibration with geodesic fibres E(k, t). With A defined by dA = y, we have 

d(y(0),y(l)) = 2zarea(A) / 

where y is the horizontal lift with n(y(0)) = n(y(l)), area is the oriented volume and d(p, q) 
denotes the signed vertical distance, which is positive ifpq is in the fibre-direction £. 

Proof. We consider an arclength parametrization y : [0, /] — > £(k) and its horizontal 
lift y. Then y(0) and y(l) are contained in one fibre, i.e. n(y(0)) = n(f(l)). Hence, 
there exists a vertical arclength parametrized curve c with c(0) = f(l) and c(v) = f(0). 
The union c U y =: T is a closed curve in E(k, t) and c' is parallel to If c' = ±4, 
then 



±0 



= J {c',0 = J (c',0 + J (f',0, 



since y' is horizontal. By definition of the connection 1-form co, the sum of the 
integrals is equal to J o>. We apply Stokes's Theorem to get 

r 



71(A) 



where A is any lift of A, such that n: A — > A is one-to-one and dA = f . Since (n J )*Q 
is a 2-form on E, it factorizes the natural volume form voln 



J (n _1 )*Q = -2 J" tvo1 e = -2Tarea(A). 



tt(A) A 

We conclude that 

\v, if c' = -4, 
and d(y(0),f/(/)) = d(c(o),c(0)) = 2Tarea(A). 
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3. Solution of the Plateau problem 



From the 18th century until 1930 it was an open question whether a rectifiable 
closed curve T in R 3 bounds an area minimizing surface. Douglas ( IDou31l ) and 
Rado (|Rad30[) proved independently that there always exists a minimal surface 
of disc type spanned by T. In 1948 Morrey generalised the theorem to mini- 
mal surfaces in homogeneously regular Riemannian manifolds without boundary 
( IMor66l ). By IOss70l and IGul73l . the least area disc is a minimal immersion in 
the interior. In the 80ties Meeks and Yau ([MY82J) showed that in manifolds with 
mean convex boundary the Plateau solution M is even embedded. A Riemannian 
manifold N with boundary is mean convex if the boundary dN is piecewise smooth, 
each smooth subsurface of dN has non-negative mean curvature with respect to the 
inward normal, and there exists a Riemannian manifold N' such that N is isometric 
to a submanifold of N' and each smooth subsurface S of dN extends to a smooth 
embedded surface S' in N' such that S' CiN = S. We call each surface S a barrier. 

Under additional assumptions we may exclude boundary branch points. For 
example, let the Jordan curve T c E(k, t) be piecewise geodesic, at each vertex, 
the angle is of the form n/n, with natural n > 2, and for each edge there exists an 
isometry of E(k, t) which acts by n rotation about that edge. If the mean convex 
domain Q is disjoint under those isometries, then M extends smoothly by Schwarz 
reflection across T. In the case where n(dM) bounds a proper subset A c E and 
M c 7T -1 (A), then M is a section over A, see IGK10J. 

The maximum principle implies uniqueness of constant mean curvature sections 
with the same boundary data: 



Proposition 3.1. Let n: E — > E be a Riemannian fibration with geodesic fibres. Suppose 
M is a section over A c E with MC H and prescribed boundary values such that n : dM — > 
<?A is injective. Then M is unique. 



Proof. Assume that we have two sections M and M over A with the same boundary 
values, they fulfil the non-parametric mean curvature equation. Therefore, their 
parametrizations u and u. are solutions of the following differential equation: 



- 2A 2 H = 0, 



where U = u x + Axy, V = u y - Axx, W = Vl + U 2 + V 2 and A 



4+k(.t 2 +j/ 2 ) ' 
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This equation is non-linear. We set a'(p) := 



and R := Ud x + Vd u 



Considering the difference u - u we get: 

= Q(u) - Q(u) = <W) - dAR) 

i 

= Y J d i a i (tR + (l-t)R)\' t zl 



s)R) 



dt 



s=t 



U o 



^r-(tR + (1 - t)R)(Rj - Rj) 
dp i 



dt 



-E* 



( i 



r m_ 
J Wj 

\0 



(tR+(l - t)R)dt 



(Rj-Rj) 



= Y diW'djiu - «)]. 



hi 



Since 



d ja >(p) = 



A5, 7 



Ap.pj 



= <?i« ; '(p), 



then is symmetric, moreover (dj«'')y is bounded. Therefore with w := u — u, 
we have that 

Up) := Y d,{a li djiv) = Q(u) - Q(u) = 

hi 

is a linear second order partial differential operator. 

With T(t, x, y) := tR(x, y) + (1 - t)R(x, y) we get dja'(T) = ~j= ~ ^= ■ For an y 

compact subset X C A the norm |T| has a maximum on [0, 1] X K. Hence, there exists 
a(K, u, u) > 0, such that we may estimate, by means of the Schwarz inequality, 



hi 



(i + mW-(r,o 2 > m z 
Vi + m 2 3 ~ VTT|7f 3 



>am z . 



We conclude that L is uniformly elliptic and therefore, the maximum principle for 
elliptic partial differential equations (| GT01 ]) applies. □ 

Remark 3.2. The uniqueness of a section is also true in a more general case: The 
projection of dM has to be injective except for at most finitely many points of <?A. 
This means, we allow vertical segments in the boundary. The proof needs a more 
general maximum principle by Nitsche; for K 3 see INit75l| . 
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For a sequence of minimal sections there exists a uniform curvature estimate 
( HGK10I ) and a uniform area bound, therefore there exists a limit M if we write 
them locally as normal graphs over their tangent space. 

Proposition 3.3. Let M„ be a sequence of minimal discs, which are graphs in a Riemannian 
fibration n : E(k, t) — > E(k) converging to a minimal disc M. Then M is either a graph 
over lim^oo n{M„) or a vertical plane. 

Proof. Since each M„ is a graph, it is transversal to the fibres and for the normal v„ 
we have (v n , E,) > for each neN. For the limit v n — > v we still know that (v, E) > 0. 
If (v, £) > 0, then M is a graph. Otherwise we pick p e M with (v(p), £,) = and 
consider the unique vertical plane V C E(k, t) that is orthogonal to v in p. If M + V, 
we analyse T :- MC\V. By the maximum principle we have r + \p\. 

Locally in a neighbourhood U p c V of p, the surface M is a graph M p over V in 
the normal direction. 

We claim: There exists a map d : M p c M -» R with M p D V = {d = 0} such that 
its composition with a parametrisation / of M is a real analytic function d := do f. 

We construct d via the diffeomorphism e: M p X (-6,6) — » E(k, t) defined by 
e((j,t) = exp E (fVjV[(^))- The map d := ttj-^s) o e -1 : M p — > ]R is the signed distance 
function of M. We have M n U p = {d = 0}. 

If we choose a harmonic and conf ormal parametrisation / : D — » E(k, t) of M, 
where D c K 2 is the open unit disc, then the function d := dof is analytic. Therefore, 

oa 

it can be expressed as a power series d(x) = £L P;(x), where P; is a polynomial of 

y=m 

degree j and P,„ ^ 0. Since the first derivatives of V and M coincide, we have 
m > 2. 

Moreover, T divides U p in at least 2m regions. There exists ijeM\r with a 
neighbourhood M q , such that Mq H T = and 7Zj;( K )(M 9 ) is not injective. But since 
M is the limit of M„ this means that there exists n e N for which 7i£( K )(M„) is not 
injective, a contradiction to M„ being a graph. 

Therefore, P,„ = and d = 0, which means that M is a vertical plane. □ 

The fact that the intersection of two non-transversally intersecting minimal 
surfaces consists of 2m embedded curves is true in general (see ICM11I ). 

4. Sister surfaces 

Lawson made a great contribution in the study of constant mean curvature 
surfaces in 1970 when he showed the correspondence between minimal surfaces 
in S 3 and H-surfaces in R 3 , see IILaw70ll . By means of the reflection principle in S 3 
it was then possible to construct new surfaces in the Euclidean space. In recent 
years mathematicians have grown their interest within surfaces in other ambient 
manifolds. In 2007 Daniel published a generalized Lawson correspondence for 
homogeneous manifolds (|Dan07|), we use one special case of his correspondence: 

Theorem 4.1 ( IIDan07[ Theorem 5.2]). There exists an isometric correspondence between 
an MC H-surface M in E(k) x R = E(k, 0) and a minimal surface M in E(k + 4H 2 , H). 
Their shape operators are related by 



(4.1) 



S = JS + Hid, 
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where ] denotes the n/2 rotation on the tangent bundle of a surface. Moreover, the normal 
and tangential projections of the vertical vector fields £, and £ are related by 

(4.2) = <f,v>, /d/- 1 (T) = d/- 1 (f), 

where f and f denote the parametrizations of M and M respectively, v and v their unit 
normals, and T, f the projections of the vertical vector fields onTM and TM. 

We call the isometric surfaces M and M sister surfaces, or sisters in short. 
Examples: 

(1) For H = the surfaces M and M are conjugate minimal surfaces in E(k) X ]R. 

(2) For H e (0, 1/2) and k = — 1 we have 4H 2 - 1 < and therefore corresponds 
to a minimal surface in PSL^IR) and its MC H-sister surface in H 2 X ]R. 

(3) For H = 1/2 and k = -1 an MC 1/2-surface in H 2 x ]R corresponds to a 
minimal surface in E(0,l/2) = Nil 3 (]R). 

(4) Furthermore, for H > 1 / 2 an MC H-surf ace in H 2 X ]R results from a minimal 
surface in the Berger spheres £(4fi 2 - 1,H), since 4H 2 - 1 > 0. 

4.1. Reflection principles and sister curves. We want to apply Schwarz reflection 
to construct complete periodic CMC surfaces in E(k, t). It is well-known that the 
Schwarz reflection extends minimal surfaces in space forms (see ILaw70l ) with 
respect to the space form symmetries. In E(k, t) the isometry group has at least 
dimension 4, and there are symmetries, for which the Schwarz reflection applies. 
We reflect across a geodesic c c E(k, z) or a totally geodesic plane V c E(k, t), i.e. 
the geometric interpretation is to send a point p to its opposite point on a geodesic 
through p that meets c or V orthogonally. 

Grofie-Brauckmann and Kusner proved that if c is a horizontal or vertical geo- 
desic of E(k, t), then the geodesic reflection across c is an isometry. Moreover, in the 
product spaces E(k, 0) = £(k) xRa geodesic reflection across vertical or horizontal 
planes is an isometry ( 1GK10I ). For this isometries we formulate the Schwarz re- 
flection principles: Suppose that a minimal surface is smooth up to the boundary 
and the boundary contains a curve which is a horizontal or vertical geodesic of 
E(k, t). Then the geodesic is an asymptotic direction and the reflection preserves 
the principal curvatures, therefore it extends the surface smoothly. A CMC surface 
in a product space E(k, 0), which is smooth up to the boundary, extends smoothly 
if the boundary contains a curve in a vertical or horizontal plane, provided the sur- 
face conormal is perpendicular to the plane, since the curve a curvature direction. 
A totally geodesic plane is called mirror plane, and a curve in which the surface 
meets a mirror plane orthogonally is called mirror curve. 

Remark 4.2. We construct surfaces by solving Plateau problems. The solution is 
an area minimising map from a disc to E(k, t), continuous up to the boundary. To 
apply the Schwarz reflection principles we have to exclude branch points in the 
interior ( IOss70l and IGul73l ) and at the boundary ( IGK10I ). 

4.2. Sister curves. We want to analyse the geometry of periodic surfaces. There- 
fore, we take a closer look at their boundary curves. 

Let c = / o y be a curve parametrized by arc length in a hypersurf ace M = /(Q) c 
M with (surface) normal v. The normal curvature k and the normal torsion t along c 
are defined by 

k:=v %d = -%v ■ c' = (Sy', y'), t := -V,v • Jc' = (S/, //). 
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Let M c E(k) x ]R denote an MC H-surface and M c E(k + 4H 2 , H) its minimal 
sister. Furthermore, let y be a curve in Q. We call c :- f(y) and c := /(y) s/sfer 
curves. 

Lemma 4.3. For « pair of sister curves the normal curvature and torsion are related as 
follows: 

k = -t + H and t = k. 



Proof. We apply Equation ||4.1| | to the definitions: 

k = (Sy',y') = <(/S + Hid)/,/) = -f + H, 

t = <S/J/) = <(JS + Hid)/,//) = fc □ 

From this follows a relation between mirror curves and their sister curves, see 
llGKiOl and HMT11I : 

(1) A curve c C M C E(k) X ]R is a mirror curve in a vertical plane if and only 
if its sister curve c c M c E(k + 4H 2 ,H) is a horizontal geodesic. 

(2) Similarly, c is a horizontal mirror curve if and only if c is a vertical geodesic. 

In our construction we consider the fundamental patch of a periodic MC H-surface. 
The complete surface is then generated by reflections. The fundamental patch is 
simply connected and bounded by mirror curves c, in vertical and horizontal 
planes. Given a fundamental patch bounded by n arc length parametrized mirror 
curves c,, it defines the following geometric quantities: 

(1) The length of the mirror curve c„ also denoted by /(c,) or |c;|. 

(2) The vertex angle (pi of two edges c, and c,+i, which satisfies 

cos (pi = -c/(Ii) ■ C; +J (0). 

(3) The total turn angle of the normal v 

turn, = turn^ (v) := J" k, 

which measures the total turn of the normal relative to a parallel field. 
The minimal sister surface is bounded by horizontal and vertical geodesies. 
Since the surfaces are isometric, we have 

(4.3) U = U, (pi = (p,. 

Accordingly, we want to measure the rotational angle of the normal v along 
a curve c in E(k + 4H 2 ,H). We detect the twist of the normal with respect to an 
appropiate vector field X 

twist c (v, X) := J (V c ,v, c' x v) - <V C ,X, d x X). 

c 

Definition 4.4. (1) Let c c M be a vertical geodesic in E(k + 4H 2 , H), then the 
twist is defined by the total rotation speed of v with respect to a basic vector 
field e, i.e. the horizontal lift of any vector field e on L(k + 4H 2 ): 

twisty := twist c (v,e) = I (V c >v,d x v) - (V c >e,d x e). 
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(2) Let ccMbea horizontal geodesic in E(k + AH 2 , H), then the twist is defined 
by the total rotation speed of v with respect to the vertical vector field 



twisV.= twist c (v,a = /<V,vyxv)-<V^y 



With this definition twisty measures the angle x:(d7i (; (v(0)) / d7T c (v(Z)) in the pro- 
jection. Please note that the Definition l4.41l differs from the one in IGK101 . We drop 
the index when it is clear whether the geodesic is vertical or horizontal. 

Lemma 4.5. (1) Let c c Mbe a vertical geodesic in E(k + AH 2 , H), whose sister is a 
horizontal mirror curve c c Min E(k, 0). Then 

twisty = J t + Hl{c) and k = 2H - twist; . 

c 

(2) Let c c M be a horizontal geodesic in E(k + AH 2 , H), whose sister is a vertical 
mirror curve c c Min E(k, 0). Then 

twist;, = - turn . 

Proof. (1) Without loss of generality c' = E,. Let (c',Jc',v) be positively ori- 
ented. Let / and R denote 7i/2-rotations in the tangent bundle TM and 
the horizontal plane d 7i _1 (T E(k + AH 2 )), respectively. Then Jc' and v are 
horizontal with -_Rv = Jc'. 

We denote by E an unit basic vector field. We have 

twist D = J «V c ,v,c'xv>-<V c ,E,c'xE» 

C 

= J ((V c ,v,Rv) - (V C ,E,KE)) 

C 

= J (-<V c ,vJc')-<V 4 E,RE» 

C 

= J (t + H(RE, RE)) 



= J t + Hl(c). 

c 

Lemma |4~3l implies that k = 2H - twisty,. 
(2) The rotational angle of the tangent plane T c (f) M is measured by the rota- 
tional speed with respect to 

twist; = {V c ,v, c^xv) - < ,d X O = t - H = -k. 

=-JC =-HRc> =-RC 

By integrating along c we get 

twist;, = - turn . 
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Example 4.6. We compute the torsion and the twist of a vertical geodesic c in a 
vertical plane in E(k,t). The geodesic c is a fibre of the Riemannian fibration. 
Without loss of generality c' = £, then we get 

t = -y c , v ■ ]d 

= TRv ■ Jc' = -T. 

Namely, the torsion of a vertical geodesic is the negative of the bundle curvature. 
Moreover, for the twist we get, as expected 

twist = J t + tZ(c) = 0. 

c 

Hence, with respect to parallel fields, the normal does not rotate. Equivalently the 
normal is constant in the projection. 

We shall apply Lemma l4~5l to obtain detailed information about vertical geodesies 
in Nil and their horizontal sister curves in H 2 X R. This strategy is due to Laurent 
Mazet, for whom the author is very grateful. 

For a curve c c H 2 , consider the unique horocycle foliation Tc given by the 
horocycle that is tangent to c in c(0) and has curvature 1 with respect to the normal 
n of c. Let 9 be the angle defined by c' = cos Se\ + sin $e2, where the orthonormal 
frame is given by the tangent and minus the normal of the horocycles. By 

the definition of the considered foliation we have 9(0) = and n - sin &e\ - cos $£2- 




Figure 1. Horocycle foliation given by c. 



Lemma 4.7. The curvature ofc is given by 

/c = cosS-S'. 
Proof. A simple computation gives: 
Vpc' =V cos s fl+sill8e2 (cos5ei +sin$e 2 ) 

= - S'sinSei + cos W( C oss ei +sinSe 2 )ei + cos5e 2 + sin5V (cos8(;i+S i n8( , 2 )e2 
= — &' sin &ei + cos 2 $ V ei e\ + cos & sin 9 V ei e i 

-e 2 =0 

+ 9' cos 9e 2 + sin 9 cos 9 V ei e 2 + sin 2 9 V e2 e 2 

ei 

= - 9' sin 9e\ - cos 2 9e 2 + 9' cos 9e 2 + sin 9 cos 9e\ 
={-9' + cos 9) sin 9e x - (-9' + cos 9)(cos 9e 2 ) 
={cos9-9')n. 
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We want to control the curve c by means of its sister c in M c E(0, 1 /2) = Nil. 
Let a(f ) = twisty measure the twist in c(f ) with respect to a basic vector field chosen 
such that a(0) = 0, i.e. e(c(0)) = v(c(0)). 

Proposition 4.8. Let c c H 2 xB.be the horizontal sister curve of a vertical geodesic c in 
E(0, 1/2) = Nil. The angle d given by the horocycle foliation Te and the rotational speed 
a' of the minimal surface normal along c are related as follows: 

d' - a' + cos -8-1, and 9 <a, 

where a(t) measures the angle between v and any parallel field chosen such that a(0) = 0. 

Proof. We have seen in Lemma |4"31 that k = 1 — a'. Together with Lemma l4~7l we get 

$' = a' + cos $-1, 
namely d' < a' . In particular, along the curves c and c we have 

JV < J a' $(t) < a(t). 

□ 

5. Reference surfaces 

5.1. Horizontal helicoids in NH3. In the construction of the fc-noid with genus 
1 from Section [6) especially to solve one of the period problems, we use as a 
barrier the horizontal helicoid H a (u,v) in Nil, (lR 3 , dx 2 + dx 2 + (dxj - x\ dx2) 2 ) 
by Daniel and Hauswirth [DH09, Section 7]. For a > the coordinates of the 
helicoid H a are given in terms of the solution ip of the ordinary differential equation 
1// 2 = a 2 + cos 2 ip, i/>(0) = 0: 

sinh(aw) 

X\ = — — — cos w(u) 

a(ip'(u)-a) rv ' 

%i = -G(u) 

- sinhfai?) 

a(ip'(u) - a) 

where G is defined by G'(w) = l/(i//(w)-a),G(0) = 0. In 1DH09J was shown that the 
function ip is a decreasing odd bijection. There exists a unique LI := U(a) > with 
ip a (U) = —7i/2, ip a (-U) = n/2. To visualise the surface, we look at three curves in 
the helicoid: 

H a (-U,v) = lo,G(U), Sinh(aV) 



a(a-Tp'(-U)) 
smh(av) 
H ^ V) = [W(^a)' ' 

-\0 r -G(U), Sinh(OT) 



a(ip' - a) / 

The rulings H a (+U,v) are vertical and define the width a := G(—U) - G(U) of the 
helicoid. The width is well-defined for the whole helicoid, since ip(u + 2U) - 
xp(u) - 71. 
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-1'2 




Figure 2. Sketch of a fundamental piece of the horizontal helicoid 
from Daniel and Hauswirth in Nil, v < 0. 



To ensure that we can consider a helicoid H a for a given width a, we need the 
following lemma: 

Lemma 5.1. For a > 0, there exists a > such that 

-2G(U(a)) = a, 

where U(a) is defined by $ a {U) = —n/2. Furthermore, for a — > we have a — > oo. 

Proof. The idea of the proof is to show that G is a bijection on R as a first step. The 
second step is to show that U is a continuous map to R+. 

Step 1: The function G is odd, so G(-U) — G(U) = -2G(U). For a > we show 
that there exists exactly one U > such that -2G(!i) = a: From G' = - a) < 
we know that G is a decreasing function on ]R. If we assume that G is bounded, i.e. 
G(w) — > g e 1R for u — > oo, then G'(u) — > for m — > oo. But this implies - a — » 
-oo for m — » oo, which is a contradiction because ijj' 2 = a 2 + cos 2 ip < a 2 + 1 is 
bounded. Therefore, G is a decreasing bijection on ]R. 

Step 2: We show for U > the existence of a > such that the solution of 

4>' 2 = « 2 + cos 2 i/v iM0) = 

satisfies ip a (U) = -n/2. 

By applying seperation of variables to the ODE i//, = - -<Ja 2 + cos 2 i/^(0) = 0, 
the solution is then given by the inverse of the elliptic integral of the first kind 

f--=J=«. 

J Va 2 + cos 2 5 
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We are interested in U(a) given by ip a (U) = —n/2: 

-n/2 




(a)= f - 1 d& 
J V« 2 + cos 2 9 



= f . 1 ™ 

J Va 2 + COS 2 5 



dS 



i r i 

K(l/Vcv 2 + l) 
Va 2 + 1 

n/2 1 

where K(Jfc) = / y==^ = j (i- t 2)(i-t?t 2 ) denotes the complete elliptic integral 

of the first kind, defined for k e [0,1), with the special values K(0) - n/2 and 
lim^i K(k) = co. For a — » we have k(i/ Va 2 + l) — > oo and for a — » oo we have 

K(l/ Va 2 + l) -> n/2. Therefore, U is continuous because K is. Moreover, for 
a — » we have ii(a) — > oo and for a — » oo we have JJ(a) — > 0. 

Together with the Step 1, this concludes the first part of the lemma. For the 
second part, notice that a — > implies U — » 0, since G is a decreasing function with 
G(0) = 0. Furthermore, lf(a) — » implies a — > oo, since X is bounded. □ 

We want to express the height b of the conormal rj of the helicoid H a along the 
vertical rulings depending on the width a and the angle (p in the horizontal plane 
spanjefoi, d%2 + X\dx^) given by 

coscp = {dx\, rf). 
The conormal along the horizontal ruling 

sinh(ac) 



is given by 



H a (-U,v) = \0,G(U), 

a(xp'(-U) - a) 



dH a ( -swh(av)xp'(-U) \ d u H a 

-(-U,v) = \ — — — ,-G(-LQ,0, v = 



du v ' ; \ a(ip'(-U)-a) ' ^ " )' \\d u H a W 

The conormal along H a (-U,v) is horizontal, since X\ = 0. We may express <p in 
terms of (a, !i = !i(a)). By HDH09I we have 

ip'(-U) = G'(-U)cos 2 ib(-U)-a = -a and G'(-LI) = - } n = 7—. 

yj'(-U)-a 2a 

Therefore 

2a 2 2a 
'? = duH a (-U,v) = — — -d u H a (-U,v) 



I . l2/ [ 77 cosh(ai?) 
ya 2 (sinh 2 (az;) + 1) 
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and 



2a 2 sinh(au) 



= tanh(-ap), v < <=> v = — In 



-1 /l + coscp 



COS<p = 



■2a 2 cosh(au) 



2a \ 1 - cos ^ 



Using this we get the height b of the conormal v\, in terms of <p and (a, for 
fixed a > 0, as follows: 



2a 2 - ' 

One readily sees that <p — » implies — » — oo, and b — > when <p — » 7i/2. 

5.2. Constant mean curvature fc-noids in E(k) x ]R. In IGK101 Section 5.] Grofie- 
Brauckmann and Kusner constructed a one-parameter family of surfaces with 
constant mean curvature H > in E(k) X ]R, which have ends and dihedral 
symmetry. They solved a Plateau problem of disc type in E(k + AH 2 , H), its sister 
generates the CMC surface by reflections about horizontal and vertical planes. We 
use the minimal disc M = M(a, k) as a barrier in our constructions. 

The minimal surface M is the limit of a sequence of compact Plateau solutions 
M( r<s ), which represent sections in E(k + AH 2 , H) . Each minimal disc M( T/S ) is bounded 
by horizontal and vertical geodesies, see Figure |3] Let r7 r/S ) denote the boundary. 
The minimal surface M( r/S ) is a section of the trivial line bundle n: c E(k + 
AH 2 ,H) — > A r , where Q,- := 7T~ 1 (A ) ) is a mean convex domain, which is defined as 
the preimage of a triangle A r C E(k + AH 2 ). The triangle A,- is given by a hinge of 
lengths a and r, enclosing an angle n/k. The parameter a determines the length 
of the horizontal edge in the boundary of M, it corresponds to the necksize in the 
CMC sister. 




s 




71 




r 



Figure 3. The boundary of the minimal disc in E(k + AH 2 , 



H). 



The Jordan curves T^ s ) converge to the boundary T of the desired minimal disc 
M. Grofie-Brauckmann and Kusner proved the following theorem: 
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Theorem 5.2 ( IGK10I ). Suppose k + 4H 2 < 0. Then there exist minimal surfaces 
M = M(a, k) with boundary T, having the following properties: 

• Mis a section projecting to A := lim^oo A,-, 

• M extends without branch points by the Schwarz reflection about the edges ofT. 

6. Constant mean curvature fc-Noros with genus 1 

We construct surfaces with MC 1/2 in H 2 X R with k ends and genus 1. Each 
surface has k vertical symmetry planes and one horizontal symmetry plane, where 
k > 3. The idea is to solve a Plateau problem of disc type in Ni^lR), where the 
disc is bounded by geodesies. Its sister disc in H 2 X ]R generates an MC 1 /2 surface 
by reflections about horizontal and vertical planes. The problem is to define the 
geodesic contour such that the sister has the desired properties. 

6.1. Boundary construction. In H 2 x ]R the desired boundary is connected and 
consists of four mirror curves in three symmetry planes; the two vertical symmetry 
planes form an angle n/k, see Figure |U 




Figure 4. The desired boundary of the 1/2-surface in H 2 X ]R and 
its minimal sister surface in Nil. 

By IGK10I the sister surface is bounded by a geodesic contour T := T(a, b, <p): 
The horizontal mirror curves correspond to vertical geodesies and the vertical 
mirror curves correspond to horizontal geodesies, their projections enclose an 
angle (p e (0, n). 

The length a > of the finite horizontal geodesic C\ determines the asymptotic 
parameter of the ends of the fc-noid, called the necksize. The length b > of the 
vertical finite edge C2 defines the size of the hole of the fc-noid: For b — » the 
fc-noid is close to the non-degenerate fc-noid of [GK10J. The angle cp measures the 
curvature of £2 ■ The parameters will be determined by solving the period problems. 
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To construct a minimal surface that is bounded by T, we truncate the infinite 
contour T and get Jordan curves T n , n > 0. We consider a geodesic triangle A„ in 
the base manifold R 2 of the Riemannian fibration of Nik^lR): Two edges of lengths 
a and n form an angle <p and intersect in a point p\. We lift p\ and the corresponding 
edge of length n horizontally and label the vertices with p\ and p$. Then we add 
a vertical arc of length b at pi in fibre-direction £, and label its endpoint with p2. 
We lift the edge of length a of the base triangle in R 2 horizontally such that it 
ends in p 2 ; the other vertex is labelled by p 3 . We add another vertical edge in 
fibre-direction E: it starts in p3, has length n 2 and its end vertex is called p$. By 
lifting the remaining edge of the base triangle horizontally and inserting another 
vertical edge with endpoints ps and pg we complete the special Jordan curve T n . 

In general the vertical distances do not sum up: d(pi,p 2 ) + d(p 3 ,p 4 ) + d(p 5 ,p 6 ), 
but we claim p^ps is in fibre direction. We consider an arc length parametrization 
y of dA n C R 2 which runs counter-clockwise. By Lemma [2.41 the vertical distance 
of its horizontal lift is area(A„). By construction we get 

d(p6,P5) = b + n 2 - area(A„). 

Since area(A„) grows linearly, there exists N £ N such that for all n > N: d(p^,p^) > 
and d(p^,p^) — > oo for n — > oo. 

The polygon T„ has six right angles; its projection A„ is convex for every n 
and has one fixed angle <p < n independent of n. We define a mean convex set 
O,, := n\A n ) c Nil 3 (R). 

For n — > oo we have T n —* T. To control the Plateau solution for T, we solve the 
Plateau problem for T n and consider their limit. 

Lemma 6.1. The special Jordan curve T„ c Nii3(R) bounds a unique Plateau solution 
M„ c r„. It is a section over A„ and extends without branch points by Schwarz reflection 
about the edges of In- 
Proof. Since A„ is convex and dA n consists of geodesies, its preimage Q„ = n~ 1 (A n ) 
is a mean convex set and by construction we have T n c dQ. n . Therefore, the Plateau 
problem is solvable by [HS88J. Moreover, by Section|3]the solution M„ is a unique 
section of the trivial line bundle n : Q„ — » A„ that extends as an immersion across 

r„. □ 

6.2. Plateau solutions. The Plateau solutions M n are contained in a nested se- 
quence of mean convex sets, hence we are able to solve the Plateau problem for 
T: 

Theorem 6.2. There exists a unique minimal surface M(a,b,(p) c Nii3(R), which is a 
section over A := 7i(lim r„) and extends without branch points by Schwarz reflection about 
its edges for all a,b > and <p e (0, n). 

Proof. Two copies of the minimal fc-noid from [GK10| bound the sequence M n from 
below and above if they coincide along the vertical axis and are obtained by a 
vertical translation. Therefore there exists a uniform curvature estimate and a 
limit by [Gro93j. Thus, there exists a minimal surface M(a,b,(p) of disc-type for 
all a, b > and cp e (0, n), which is regular in the interior and dM = T. Since T 
consists of geodesies and has bounded geometry Schwarz reflection applies and 
M is smooth at the boundary. 

By Proposition l3.3l the limit is a section, since lim T n is not contained in a vertical 
plane. □ 
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6.3. Period problems. To construct an MC 1/2 surface with genus 1 and certain 
symmetries we have to solve two period problems. One period is given by the 
vertical distance of the two horizontal mirror curves. The second period is angular 
and determined by the geometry of the finite horizontal curve. 

To solve the first period problem for the MC 1/2 surface M c H 2 x ]R, i.e. to 
construct a minimal surface M C Nik^R) such that the two horizontal components 
of its sister surface lie in the same horizontal plane, we consider the mirror curve 
in the vertical plane with finite length a in dM, and call it C\ . The period is given by 
p = f (c[, £)h 2 xR/ where I, is the vertical vector field of H 2 x ]R. Since we have a first 
order description for the vertical parts of vector fields, we consider the vector field 
T on M given by £, - (£,, v)v, where v denotes the normal of M. It is the tangential 
projection of the vertical vector field and rotates by 7i/2 in the tangent plane under 
conjugation: 

d/- 1 (T) = /d/- 1 (f), 

where / and f denote the corresponding parametrisations of M and M. Therefore, 
we have an analogous formulation of the period on M: 

P (M) = J<ej,£>H*R = J<d/(A?W 

= J<d/(/) # d/(T 1 dr 1 (T))W = J(Jy',df-\T)) 

= J (7J,£>Nil3(R) =P(M). 

C I 

As seen above, we have a Plateau solution M(a, b, cp) for all a, b > and <p e (0, n). 
The first period problem is solvable for each a > and cp e (0, n/2): 

Proposition 6.3. For each a > and cp e (0, n/2) there exists b(a,(p) > such that 
p(M(a, b(a, cp), cp)) = 0. 

Proof. Let a > Oandip e (0, tt/2) be fixed. By Theorem l6.2l we have a unique Plateau 
solution Mb := M(a, b, (p) for each b > 0. We claim the function p(b) := p(M{,) is 
continuous in b. To see this, we take two converging sequences (b{) and (b^) with 
the same limit bo- If limp(b;) + limp(&; c ) this would contradict the uniqueness 
of the minimal section, since the corresponding minimal surfaces also converge: 
There is a uniform curvature estimate for each sequence of minimal surfaces Mi,, 
by IGK10I . Moreover since the surfaces represent sections, each sequence satisfies 
a uniform area estimate. Writing the surfaces as graphs in normal coordinates over 
their tangent planes, we see that the sequence contains a converging subsequence 
with limit M = Mb . 

We will now show that there exists b t e ]R such that p{b) < 0, for all b > b t/ and 
lim^o p(b) > 0. By the intermediate value theorem this proves the lemma. 

• To define b t , we consider the horizontal helicoid Mh constructed by Daniel 
and Hauswirth [DH09J from Section [5TTI whose horizontal axis coincides 
with C\. By Lemma [5.11 there exists a helicoid Mh for each pitch a > such 
that the incident vertical arcs of T are contained in its rulings. Since (p < n/2 
the helicoid Mh and Mb are both minimal sections over a bounded convex 
domain ti(Mh) H n(Mb), whose boundary consists of three geodesic arcs. 
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We claim there exists bt > 0, such that the surfaces intersect in T only. 
In Section 15.11 we showed that the conormal i]h of the helicoid along the 
vertical ruling is horizontal and its opening angle depends continuously 
on the height given by 

„ sinh(fln(ll^)) 

where a depends on the pitch a, see Lemma I5.ll We consider the vertical 
plane V, given by its tangent plane, that is spanned by the conormal t]h and 
£, in height h. Since each conormal is horizontal and turns monotonically, 
the intersection V n Mh meets the vertical ruling in exactly one point given 
by the height h. Moreover Mh is a section in the interior and therefore 
V n Mh is bounded from below. Hence for a > and (p e (0, n/2) exists 
bt > \h\ such that the helicoid is a barrier lying above Mb for every b > bf. 

Consequently we can estimate the vertical component of the conormal 
i] of the Plateau solution Mb by the helicoid conormal t]n along the interior 
of the curve c\ : 

{r\,0 <(r\H,0 and hence p(M b ) = f(rj,0 < C(t}h, O = 0. 

• Otherwise for b — > we consider a minimal surface N in Nil3(]R) defined 
in BGK101 Section 5.], see Section [5721 with the parameters a and (p. It has a 
positive period pjv, since it is bounded from below by a horizontal umbrella. 

For b — > we have Mb — » N away from the singularity. Furthermore, 
the sequence of conormals r\b converges uniformly to tjn on compact sets 
K c c\. Therefore, the period p(b)\K converges uniformly to Pn\k > for 
each compact K c c\ and b — » 0. Hence, on c we have p(b) > for b — > 0. 

□ 

Remark 6.4. For (p — n/2 the proof does not work since the helicoid Mh is not a 
barrier for b < oo. Therefore, we cannot construct a genus 1 catenoid in H 2 x ]R 
with this method. 

Lemma 6.5. For each a > and <pe (0, n/2) the map b: R+ x (0, n/2) — > R+ defined by 
Proposition ^. 3\ is a continuous function. 

Proof. We assume that b is discontinuous in (a, (p), i.e. there exist two sequences 
(ai,cpi) and (Si, (pi) with limit (ao, <po) but w.l.o.g. fro = lim &(«/, <p/) > limfr(fl;, = 
So- There is a uniform curvature estimate for each sequence of minimal surfaces 
M(ai,b(ai,(pi),cpi) and M(S ; , b(a\, (pi), <p ; ) by IGK10I . Moreover since the surfaces 
represent sections, each sequence satisfies a uniform area estimate. Writing the 
surfaces as graphs in normal coordinates over their tangent planes, we see that 
each one contains a converging subsequence with limit M = M(ao,bo,(po) and 
M = M(«0/ bo, cpo) respectively. Both minimal surfaces M and M have zero period. 
But for bo > b~o the minimal surface M bounds a mean convex domain from above 
with dM in its boundary. Therefore, M is an upper barrier for M with (rj,0 > (']/ Or 
contradicting the fact that both minimal surfaces have zero period. □ 

We solved the first period problem in b depending on (a, (p). Namely, for each 
angle (p € (0,n/2) and horizontal geodesic of length a, there exists an b > as 
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length of the vertical geodesic, such that the two horizontal mirror curves in the 
sister surface lie in the same mirror plane. 

The second period problem relies on the horizontal mirror curve <?2 of length 
b and there are two difficulties, we have to solve: First of all, we have to make 
sure that the two vertical mirror planes, which are perpendicular to £2 intersect. 
And secondly their angle of intersection has to be n/k. For the answers we need 
to restate the solution of the first period problem: For an angle cp and a vertical 
geodesic C2 of length b there exists a horizontal geodesic of length a, such that the 
period is zero: 

Proposition 6.6. For each b > and cp e (0, n/2) there exists a(b,<p) > 0, such that the 
horizontal period of the minimal surface M(a(b, cp), b, (p) is zero. 

Proof. By Lemma [6.51 the map b: 1R+ X (0, n/2) — » R+ continuous. For each cp we 
claim b(a,<p) — » for a — » 0. Indeed, by the proof of Proposition 16.31 there exists 
—h 6 ]R as an upper bound of b(a, cp) given by a and cp: 

smh (i l n (g25£)) 

-h = ■ — c ° sip — > b(a, cp), since otherwise p > 0. 

2a(a) 2 r r 

By Lemma 1531 we know that a(a) — > 00 for a — » 0. Therefore, the height /? converges 
to zero as well as cp) converges to zero. 

Remains to show that the map b is unbounded. For each cp > assume the 
contrary: The function b v (a) := b(a,cp) < b is bounded. Since b is a continuous 
function, we have p(Mg) # for b > b. The minimal surface M(fl, cp), <p) is a 
barrier from above for M{a,b,cp), therefore p(M ; ~) < 0. The continuity of p in b 
implies p(Mg) < for b > b and for all a > 0. 

Consider the map pi : a i-» p(M(a, £>, cp)). We claim the function pi is continuous. 
To see this, we take two converging sequences (aj) and («*) with the same limit «o- 
Since the corresponding minimal surfaces also converge, this implies limp(«;) = 
limp(fl{;)- Moreover, for a large enough the minimal surface has a positive period, 
therefore there exists a > with pi(fl) = 0, which is a contradiction. 

Hence, b v (a) is unbounded with b v (a) — » for a — » 0. So we conclude: For all 
& > there exists a(b, cp) > (not necessarily unique) such that M(a(b, cp), b, cp) has 
zero period. □ 

Remark 6.7. For conjugate minimal surfaces in K 3 we have a unique cp), since 
a 1— » b(a, cp) is injective because of scaling. 

Before we solve the second period problem, we want to analyse the finite hor- 
izontal mirror curve £2 in H 2 X ]R parametrized by arc length. We choose the 
downward-pointing surface normal v and (c' 2 , rj, v) positive oriented. Where C2 is 
the sister curve, then (ci, £,) = 1. We consider the twist cp(t) of C2. The curvature 
of £2 is A: = 1 - cp'(f) < 1, since (p' > by graph property of the minimal surface. 
Proposition 14.81 implies the embeddedness, since 9 < cp < n/2; moreover, 5 > 
since 9 < implies k > 1. With yo an d Jh we denote the unique geodesies given by 
y/(0) = c 2 (i) and y^O) = -v(i), i = 0, fr, see Figure|5] 

As said before, in a first step we have to make sure, that the geodesies intersect: 
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Figure 5. Sketch of the defined geodesies y„ i = 0, b. 



Proposition 6.8. For each (p e (0, n/2) exists bo '■= bo((p) > satisfying 

1 - cos(<p - b ) 



b e°° = 



M<P) < <P 



sin(<p - b ) 

such that the vertical mirror planes of M(a(b,<p),b,(p) intersect for all b e (0, bo(<p)) and 
define an intersection-angle a > 0. 

Proof. As in Proposition ^. 8 1 we consider the foliation by horocycles given by v(0) 
and the related angle d < (p < n/2. For the calculation we consider the upper 
halfplane and orient £2 such that £2(0) = (0, 1) and v(0) = (0, 1), then yo is contained 
in the y-axis. We want to parametrize the unique geodesic y^ c H 2 , which starts 
in the endpoint of C2 (02(b) = (c x , c y )) and its tangent is parallel to (sin($), - cos(S)). 
For & + kn, k e Z, y\, is an Euclidean halfcircle with radius r and its midpoint on 
the x-axis. We solve the linear equations 

y\,(n - 5) = (c x ,Cy) = (x + rcos(7T - $),rsin(7i - $)). 

The geodesic is in Euclidean coordinates parametrised by 



n(t) 



Cr + C,, 



cos(n — t) — cos 9 \ sm(n - t) 



sin d j ■ sin d 

The geodesies intersect if the x-coordinate of yb(n) is positive: 



(6.1) 



Cx + Cy- 



1 - COS d 

sin d 



> 0. 



Since d H i (£2(0), 02(b)) < b we have c x > -b and c y > e b . So we conclude Equation 
Il6.lt is true if 

1 - cos 9 b 

— > be. 

sin 5 

The angles $ and (p are related by d' = <p' + cos d - 1 (see Proposition 14.81 and 
cos 9 > implies J (cos 5-1) > —b. Therefore we know that 5 > cp — b. Furthermore, 
the function & i-> (1 — cos 5)/ sin 9 increases monotonically, so we conclude, the 
geodesies intersect if 



be b < 



1 - cos(cp - b) 



This is equivalent to 
(6.2) 



sin(cp - b) 
1 - cos(cp - b) 



sin(cp - b) 



- be" > 0. 
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Its differential 

/'(b)= ' -e»(l + b) 



cos((p -b)-l b/ 
sin 2 (<p - b) 



is less than zero for all b < (p. Hence, fin is decreasing. Let us consider the limits at 
the boundaries: 

1 - cos w 

KmfJb) = > 0, for m e (0, n/2) 

b^o r smcp 

lim fJb) = -(pi* <0. 

b—Kp 

We conclude, there exists exactly one b (<p) e (0,<p) with/^(b (<p)) = 0. Moreover, for 
all b < b ((p) we have f v {b) > 0, therefore the geodesies intersect for all b < b (tp). □ 

Remark 6.9. For b = cp the total curvature of £2 is b - cp = and therefore the two 
geodesies yo and y& do not intersect in any p e H 2 , but in <?IH 2 . By Proposition 
16.61 there exists a > to solve the first period problem, hence after reflection the 
contruction causes a complete singly periodic MC-1/2 surface M(a((p,(p),(p,(p) in 
H 2 X 1R with infintely many ends. 

Now we are able to solve the second period problem that is given by the angle 
a. We want the surface to close after 2k reflections about vertical mirror planes, so 
a has to be rc/k. 

Proposition 6.10. For each k>3 there exists e = e(k) > 0, such that <p = n/k + e < n/2 

and there exists < b < bo((p), such that the surface M(a(b, <p), b, cp) has angular period 
a — n/k and p(M(a(b, <p), b, <p)) = 0. 

Proof. For b < b (<p) the geodesies yo and y\, intersect by Proposition 16.81 Hence, 
we can apply the Gaufi-Bonnet Theorem to the compact disc V c H 2 defined by 

dV = c 2 U y U yb- 



v dv 

where a„ i = 1, 2, 3 are the exterior angles with a, = n/2 for i = 1,2 and a 3 = n - a. 
Furthermore, k g is the geodesic curvature with respect to the inner normal of dV 
and since £2 is a mirror curve k g = —k with respect to the surface normal. Using 
this we get 



(6.3) J K- Jk + 2n-a = 2n. 

V c 2 

From Lemma 14.51 we know k - 1 - <p'. Integrating this shows Equation 116.311 is 
equivalent to (p - b - area(V) = a. 

We claim, that the lengths Z(y<) are bounded from above for all b < bo(<p). Recall 
from the proof of Proposition 16.81 that (p > d > cp - b. In particular, we have a 
lower bound for 9, the angle that is given by the tangent of £2 and the horocycle 
fibration. Assume that the lengths l(yi)(b) —> 00 for b — » 0, this implies d — » 0, a 
contradiction. If the lengths are bounded, the area tends to zero for b — » 0. 

The angle a depends continuously on b < bo(<p): 

(6.4) a(b) = <p-b- area(V(b)) 
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and decreases. The idea is to show that for any k > 3 exists (p k e (0, n/2) such that 
\ima(b) > n/k and lim a(b) < n/k. 

6^0 !>-»f>o(<Pi) 

On the one hand lim^o ol{V) - cp k , hence we have to choose <p k > n/k. Therefore, 
for any e k > 0, cp k :- n/k + e k satisfies the first condition. 
On the other hand we have 

lim a(b) = (p k - b (cp k ) - area(V(b (cp k ))), 

b->b (<p k ) 

hence we have to choose e k > such that 

(Pk < ~r + b ((pk) + area(b ((p k )) <^> e k < b ((p k ) + area(b ((p k )). 

We claim the function (>o(<p) increases monotonically. Recall Equation (16.26 : bo was 
defined implicitly by f v (b) = 1 g^z^ - be 6 = 0. By chain rule we have 

u r„\ 1 - cos(cp - b (<p)) 

b' (cp) = e b ^\l + b (<p)) + , ^ > 0. 

sm z ((p - f? (<p)) 

Therefore with = bo(n/k) we get: 

lim a(b) = n/k + b (n/k) - b {cp k ) - area(V(b ((p k ))) < n/k. 

b^>b„(<p k ) ^ ^ , 

<0 

Remains to show that cp k < n/2 for all k > 3. Since bo increases this is true if 
n/3 + bo(n/3) < n/2, i.e. bo(n/3) < n/6. But this follows directly from the fact that 

f„/3(n/6) < 0. 

By the intermediate value theorem follows, there exists b* e (0, bo(n/k + e k )) such 
that a(b*) = n/k. By Proposition 16.61 there exists a > to solve the first period 
problem. □ 

The proposition proves the existence of one surface M(a k , b kl (p k ) for any k > 3. It 
is natural to ask if there is a family of CMC surfaces with the desired symmetries 
and k ends. The answer is yes: 

Proposition 6.11. For each k > 3 there exists an interval U k c (0, n/2), such that for 
all cp e U k there exists b((p) > 0, such that the surface M(a(b((p), (p), b{(p), (p) has angular 
period a = n/k and p(M(a(b, <p), b, cp)) = 0. 

Proof. In Proposition ^ . 1 Ol the existence of a triple (a(b((p k ), <p k ), b(cp k ), <p k ) was proven 
such that the surface M(a(b((p k ), (p k ), b((p k ), <p k ) has the desired properties. By Equa- 
tion | |6.4| | we know, the pair (b((p k ),<p k ) is a zero of the following continuously 
differentiable function 

G(b, <p) = a(b, <p) - n/k = (p -b - area(V(b, (p)) - n/k. 

The angle a(b, cp) is given by the two geodesies yo and y;,. Recall from the proof of 
Proposition ^. 10| that^),q(b, (p) < 0. By the implicit value theorem there exist an open 
neighborhood (Jo of cp k , an open neighborhood V of b(<p k ), and a unique continu- 
ously differentiable function g : (Jo — » V with g(<p k ) = b(cp k ) such that G(g(<p), (p) = 
for all (p e (Jo. 

To define (Jj; notice that ^(^n) < b (<p k ), therefore the subset U k := {(p e (Jo: g(cp) < 
bo(<p)} n (0, 7i/2) is not empty. Hence, for all cp eU k there exists b = g(cp) < b (<p) and 
therefore by Proposition 16.61 there exists a > to solve the first period problem. □ 



24 



PLEHNERT 



Remark 6.12. We want to analyse the limiting cases: 

• <p — > inf Zi/ C : We know that inf Uk > n/k. From (p — » tt/A: follows & + 
area( <p)) — > 0, which implies b — > 0. Assuming the solution of the 
first period problem «(2?, <p) > for b — > leads to the fc-noid from BGK10I 
which has a positive period. Therefore if inf Uk = 7i/fc then the sequence of 
fc-noids converges to an union of k horocylinders away from the singularity 
for (p — > n/k. 

• <p — » sup LZa: ^ rc/2: Since <?,p area( cp)) < 0, <p — > sup Lf^ implies that 
b increases. For the CMC surfaces this means that the length of the finite 
horizontal symmetry curve grows. 

6.4. Main Theorem. After solving the two period problems we can now prove the 
existence of the MC 1/2 surface with genus 1: 

Theorem 6.13. Fork > 3, there exists a family of surfaces Mivith constant mean curvature 
1/2 in H 2 xKsuch that: 

• Mis a proper immersion of a torus minus k points, 

• M is Alexandrov embedded. 

• M has k vertical mirror planes enclosing an n/k-angle, 

• M has one horizontal mirror plane. 

Proof. By BDan07l the fundamental piece M(a, bo) has a sister surface M with con- 
stant mean curvature 1/2 in H 2 X ]R, which is a graph. By construction and from 
the solution of the period problems, M has one horizontal and two vertical mirror 
planes; the two vertical mirror planes enclose an angle n /k. It consists of four mirror 
curves: two horizontal (one bounded and one unbounded) and two vertical (one 
bounded and one unbounded). After Schwarz reflection about the vertical infinite 
mirror curve followed by reflection about the horizontal mirror plane we have the 
fundamental domain of one end: It is built up of four fundamental domains M. 
We use the Euler characteristic 

X = V-E+F = 2-2g 

to determine the genus g of the complete MC 1 /2 surface M with k ends, which is 
generated by Schwarz reflection. We have x = 4A: - 8k + 4k = and therefore g = 1 . 

We claim that M is Alexandrov-embedded if we choose as before the downward- 
pointing normal v. We show the fundamental piece M is embedded and stays in 
the subset of H 2 X 1R that is bounded by mirror planes. The mirror planes are 
given by the symmetry curves with infinte length. We discuss the embeddedness 
of each boundary arc, since M is transverse to the fibres, the fundamental domain 
is embedded. Therefore, the complete surface M is Alexandrov-embedded. 

Let us recall the notation, C\ denotes the finite horizontal geodesic in dM(a, bg) 
and c\ its sister curve in dM. The sister curve c\ is a mirror curve in a vertical 
plane. The curve is graph and therefore embedded. The same holds for the other 
horizontal curve and its sister curve in a vertical plane, call it S3. 

Along the horizontal geodesic C3 we have (rj, E) > if we choose {c' 3 i], v) positive 
oriented. By the first order description of the sister surfaces we know that the 
projection of the vertical vector field E, on the tangent plane rotates by 7i/2 under 
conjugation. Therefore, we have {c' 3 , E,) < 0. By construction, we know that 
(rj, £) — > 1 in the end along the sister curve C3. Hence, in the sister surface for 
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the corresponding mirror curve we have (c' 3 , £,) — » — 1. In other words, the mirror 
curve comes from oo in the end. 

With the arguments of Hauswirth, Rosenberg and Spruck in the proof of Theo- 
rem 1.2 in BHRS08I we know that each divergent sequence (p n ) in M with 
(v(p n ),0 — * has a limit in the boundary in the projection: 7t(p„) — » dM 2 . The 
idea of the proof is to show that if the sequence has a horizontal normal in the 
limit and a limiting point in the projection, then the whole surface is converging 
to a horocylinder and stays on one side. Hence, by the half-space theorem it is a 
horocylinder which is a contradiction. 

As in the setup let C2 denote the finite vertical geodesic, recall that its sister 
curve is embedded. Let Cq denote the remaining vertical geodesic in the boundary 
dM(a,bo) parametrized in ^-direction. Let a denote the twist of the horizontal 
normal v along Cq. We have a' > 0, i.e. the normal rotates monotonically, because 
Moo is a section. We consider the horocycle fibration of H 2 given by v(0) as in 
Proposition 14.81 By the proposition the angle 9 the sister curve encloses with the 
fibration in H 2 is smaller than a = n - (p < n. Hence, £q is embedded. In summary 
this proves the first part, M is embedded. 
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In the second step we show that M is bounded by symmetry planes. First, we 
have to check if the surface stays in a horizontal halfspace of H 2 X R. We define 
the horizontal mirror plane of M to be H 2 X {0}. By the maximum principle M 
has no (global) minimum below H 2 x {0}. Assume there is a curve c in M with 
c(0) € dM, whose third component goes to minus infinity. Since the Gaufi map is 
open, we have {c'(t),E) < for t > 0. But {c' ,E) < implies c(0) e c\ U £3, since 
{f\,t) — 1 along Co U c%. Consider the sister curve c c Mia, bo), by the first order 
description we have (rj, £,) > along c and (rj, E) — > 1 in the end. Moreover, since 
v rotates within a vertical plane along c\ and £3 we have = (c'(0), = — (t](0), £). 
By the maximum principle the tangent plane along C3 is nowhere horizontal and 
therefore c(0) e cj . Along ci there exists a unique p e cj where the tangent plane 
is horizontal, since the normal rotates monotone. The horizontal umbrella Up in p 
intersects the minimal surface M(a, bo) in 2k analytic curves. In fact k = 2, by the 
monotone rotation of the normal; this implies U p H M(a, bo) = c U c\. And M(a, bo) is 
below the umbrella to the side of the conormal along c, which contradicts the fact 
that <)], £> > along c. Hence M c H 2 x R+. 

To finish the proof we have to show that the surface lies on one side of the vertical 
symmetry plane: We have seen that the projection of the vertical symmetry curve 
S3 is converging to some point in the boundary <?IH 2 . Along Co the surface is at 
least locally to the side of the normal, since k = 1 — a' < 1 by the graph property of 
the minimal surface along Cq. Therefore, since it is also a graph, it is defined on a 
domain Q C H 2 given by 71(1:3) U Cq. □ 



6.5. Conclusion and outlook. We constructed an MC 1 /2 surface in H 2 x ]R with 
k ends, genus 1 and fc-fold dihedral symmetry k > 3, which is Alexandrov embed- 
ded. We had to solve two period problems in the construction. The first period 
guarantees that the surface has exactly one horizontal symmetry. For the second 
period we had to control a horizontal mirror curve to get the dihedral symmetry. 
In the case of H + the total curvature of a horizontal mirror curve depends not 
only on the twist of the normal, but also on its length. An interesting problem 
is to construct non-embedded examples that correspond to those presented here. 
GroSe-Brauckmann proved in [Gro93] that each Delaunay surface is the associated 
MC 1 surface of a helicoid in S 3 . The family of Delaunay surfaces consists of em- 
bedded (undoloid) and non-embedded (nodoid) examples. In order to construct 
non- Alexandrov embedded examples one has to consider the minimal surface from 
Proposition ^. 61 and choose the positive oriented surface, i.e. the upward-pointing 
surface normal v. If (cj, r\, v), i = 0, 2 is positively oriented, then (cj, £) = -!. There- 
fore the twist a is decreasing which implies k = 1 — a' > 1 for Co/2- With this setup 
one has to solve the second period problem. 

As far as the author knows it is an open problem to show the convergence of 
the ends of the CMC surface. It would be nice to proof, that M has catenoidal 
ends, in the sense they are described in [DH09]. To show this one may consider the 
minimal surface in Nils(]R) and wrap it between two copies of horizontal helicoids 
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from BDH09I which differ by a vertical translation about height h: 

x sinh(aui) 

H[{u lr vi) = — cos \p(ii\) 

a(\p'(ui) - a) 

H\{ui,vi) = -G(ui) 

3 -sinh(OTi) .... 

H\(ui,v{) = — rsin^ ui , and 

1 a(\p'(ui) -a) 

u sinh(ai> 2 ) , 

H L 2 {u 2 ,v 2 ) = 7777 ^ rcos^(w 2 ) 

a(\p'(u 2 ) -a) 

H\{u 2 ,v 2 ) = -G(u 2 ) 

3 -sinh(OT 2 ) . .. . , 

H 2 (u 2 , v 2 ) = sin i/>(u 2 ) + ft. 

a(i//(w 2 ) - a) 

Where a is chosen such that the width of the helicoid is a sin cp, which is possible 
by Lemma 15.11 One has to show that the helicoids are barriers from below and 
above of the minimal surface M(a, bo). 

The idea is to prove exponential convergence of the two helicoids, i.e. there 
exists C,A eR independent of x e Hi such that 

(6.5) d(x,H 2 ) < Ce m , for |x| -» oo. 

Since the Plateau solution M(a, bo) is bounded by Hi and H 2 for an appropiate 
choice of h, this proves that M(a, bo) has a helicoidal end and since the convergence 
is exponential this translates to the sister surface. 

References 

[AR05] Uwe Abresch and Harold Rosenberg, Generalized Hopf differentials, Mat. Contemp. 28 (2005), 
1-28 (English). 

[CH12] S. Cartier and L. Hauswirth, Deformations of constant mean curvature 1/2 surfaces in H2xR with 

vertical ends at infinity, ArXiv e-prints (2012). 
[CM11] Tobias H. Colding and William P. Minicozzi II, A course in minimal surfaces, Providence, RI: 

American Mathematical Society (AMS), 2011 (English). 
[Dan07] Benoit Daniel, Isometric immersions into 3-dimensional homogeneous manifolds, Comment. Math. 

Helv. 82 (2007), no. 1, 87-131 (English). 
[DH09] Benoit Daniel and Laurent Hauswirth, Half-space theorem, embedded minimal annuli and minimal 

graphs in the Heisenberg group, Proceedings of the London Mathematical Society 98 (2009), no. 2, 

445^70. 

[Dou31] Jesse Douglas, Solution of the problem of Plateau, Trans. Am. Math. Soc. 33 (1931), 263-321 
(English). 

[FM07] Isabel Fernandez and Pablo Mira, Harmonic maps and constant mean curvature surfaces in H 2 xR., 
Am. J. Math. 129 (2007), no. 4, 1145-1181 (English). 

[GK10] Karsten Grofie-Brauckmann and Robert B. Kusner, Conjugate Plateau constructions for homoge- 
neous 3-manifolds, preprint, 2010. 

[Gro93] Karsten Grofie-Brauckmann, Neiv surfaces of constant mean curvature, Math. Z. 214 (1993), no. 4, 
527-565 (English). 

[GT01] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order, reprint 

of the 1998 ed., Berlin: Springer, 2001 (English). 
[Gul73] Robert D. Gulliver, Regularity of minimizing surfaces of prescribed mean curvature, The Annals of 

Mathematics 97 (1973), no. 2, pp. 275-305 (English). 
[HRS08] Laurent Hauswirth, Harold Rosenberg, and Joel Spruck, On complete mean curvature 1/2 

surfaces in H 2 x R, Commun. Anal. Geom. 16 (2008), no. 5, 989-1005 (English). 
[HS88] Joel Hass and Peter Scott, The existence of least area surfaces in 3-manifolds, Trans. Am. Math. 

Soc. 310 (1988), no. 1, 87-114 (English). 



2s 



PLEHNERT 



[Kar89] Hermann Karcher, The triply periodic minimal surfaces of Alan Schoen and their constant mean 

curvature companions., Manuscr. Math. 64 (1989), no. 3, 291-357 (English). 
[Law70] H. Blaine Jr. Lawson, Complete minimal surfaces in S 3 , The Annals of Mathematics 92 (1970), 

no. 3, pp. 335-374 (English). 
[Mor66] Charles Bradfield jun. Morrey, Multiple integrals in the calculus of variations , Die Grundlehren 

der mathematischen Wissenschaften, no. 130, Berlin-Heidelberg-New York: Springer- Verlag, 

1966 (English). 

[MT11] Jose Miguel Manzano and Francisco Torralbo, New examples of constant mean curvature surfaces 

in S 2 x R and H 2 x R, arXiv:1104.1259v2 [math.DG], 2011. 
[MY82] William H. Meeks III and Shing-Tung Yau, The existence of embedded minimal surfaces and the 

problem of uniqueness, Mathematische Zeitschrift 179 (1982), 151-168, 10.1007/BF01214308. 
[Nit75] Johannes C.C. Nitsche, Vorlesungen iiber Minimalflachen, Die Grundlehren der mathematischen 

Wissenschaften, no. 199, Berlin-Heidelberg-New York: Springer, 1975 (German). 
[Oss70] Robert Osserman, A proof of the regularity everywhere of the classical solution to Plateau's problem, 

The Annals of Mathematics 91 (1970), no. 3, pp. 550-569 (English). 
[Plel2] Julia Plehnert, Constant mean curvature surfaces in homogeneous manifolds., Logos Verlag, 2012 

(English). 

[Rad30] Tibor Rado, The problem of the least area and the problem of Plateau, Mathematische Zeitschrift 32 
(1930), 763-795 (English). 

Technische Universitat Darmstadt, Fachbereich Mathematik, Geometrie und Approximation, 
Schlossgartenstr. 7, 64289 Darmstadt, Germany 

E-mail address: plehnert@mathematik . tu-darmstadt . de 



